We compare two derivations of a popular formula for the tidal despinning rate, and emphasise that both are strongly limited to the case of a vanishing inclination and a certain (sadly, unrealistic) law of frequency-dependence of the quality factor. One method is based on the MacDonald torque, the other on the Darwin torque. Fortunately, the second approach is general enough to accommodate both a finite inclination and the actual rheology.
Introduction
We continue a critical examination of the tidal-torque techniques, begun in Efroimsky (2008) , where the simplified treatment by MacDonald (1964) was considered from the viewpoint of a more general and rigorous approach by Darwin (1880) and Kaula (1964) . Referring the Reader to Efroimsky (2008) for numerous missing details, in this section we shall provide without proof some pivotal formulae crucial for understanding the subsequent material.
Two expressions for the tidal potential
The potential produced at point R = (R , λ , φ) by a mass M * located at r * = (r * , λ * , φ * ) is
(l − m)! (l + m)! (2 − δ 0m )P l m (sin φ)P l m (sin φ * ) cos m(λ − λ * ) .
The potential variation generated by a tidally distorted planet is, in the linear approximation, given by
R now being the mean equatorial radius of the planet, R = (R , φ , λ) being a surface point, r * = (r * , φ * , λ * ) being the coordinates of the tide-raising moon, and r = (r , φ , λ) being an exterior point located above the surface point R , at a planetocentric radius r ≥ R .
Substitution of (1) into (2) entails
A different expression for the tidal potential was offered by Kaula (1961 Kaula ( , 1964 , who developed a powerful technique that enabled him to switch from the spherical coordinates to the Kepler elements ( a * , e * , i * , Ω * , ω * , M * ) and ( a, e, i , Ω, ω, M ) of the satellites located at r * and r . Employment of this technique results in
and θ = θ * is the sidereal angle. While (4) and (3) are equivalent for an idealised elastic planet with an instant response of the shape, the situation becomes more involved when dissipation-caused delayed response comes into play. Kaula's expression (4), as well as its truncated, Darwin's version, is capable of accommodating separate phase lags for each harmonic involved:
where ǫ l mpq is the phase lag given by
the tidal harmonic ω * lmpq being defined as
and the positively-defined quantity
being the actual physical l mpq frequency excited by the tide in the planet. The corresponding positively-defined time delay ∆t lmpq depends on this physical frequency, and the functional forms of this dependence may be different for different materials. What is important is that Kaula's formalism imposes no a priori constraint on the form of this dependence. Expression (3) turns out to be far more restrictive, and tolerates delayed response only with an important proviso that a unified time lag ∆t exists, i.e., that all ∆t lmpq are equal to one another. This constraint on the frequency-dependence of ∆t necessitates that the quality factor Q = 1/ tan ǫ scale as the inverse frequency 1 χ :
Under assumption (11), expression (3) admits the form of
The relation
between the longitude λ , the sidereal angle θ , the true anomaly ν and the orbital angles Ω , i , ω enables us to rewrite (12) , for small inclinations and in neglect of the nodal and apsidal precessions, as
Sadly, model (11) is radically different from the actual behaviour of solid mantle materials. This tells us that in realistic settings the MacDonald-style approach based on (11) is inferior, compared to the Darwin and Kaula method (7), which may, in principle, be applied to any rheology.
1 Formula (11) is an approximation valid for large values of Q . A more exact relation will read:
. For details, see formula (34) in Efroimsky (2008).
From the potential to the torque
The torque acting on the tidally disturbed moon is − M ∂U/∂λ, while the torque that this moon exerts on the planet is this expression's negative:
Speaking rigorously, the formula furnishes the torque's component perpendicular to the moon's orbit for zero i . The torque's component orthogonal to the equator may be also written in a more basic form − M ∂U/∂θ , which coincides with (14) for low inclinations.
To further simplify things, be mindful that in almost all practical situations, R is much smaller than r or r * , for which reason it is sufficient to consider the l = 2 contribution only. Let us also restrict to the simple case of the tidally perturbed satellite coinciding with the tide-raising one. Then all the elements will be identical to their counterparts with an asterisk. In (7), for a body spinning without a tidal lock, 3 indices (p ; q) will coincide with (h ; j) , and therefore v l mhj will cancel with v * l mpq . Similarly, in (13) , λ will cancel with λ * (though, as explained in (Efroimsky 2008) , the derivative in (14) should be taken prior to this cancelation).
When the tidally disturbed and tide-raising satellites are the same body, insertion of (7) into (14) gives the following approximation for the decelerating torque:
This is what is called Darwin-Kaula-Goldreich torque, or simply Darwin torque. On the other hand, substitution of (13) into (14) will result in the so-called MacDonald torque:
This rule permits an exception. As explained by Bills et al (2005) , in the case of Phobos the k 3 and perhaps even the k 4 terms may become relevant.
3 This caveat is relevant, because in a 1 : 1 resonance expression (15) will require modifications. For example, the sidereal angle of the Moon (or any other tidally-locked satellite) will be:
, letter α denoting the librating angle, which is subject to damping and therefore is normally small (less than 2" for the Moon). Plugging this into the expression (9) for the tidal harmonic, we obtain, in neglect of −mα :
We now see that, since θ is a function of the other angles, there is more than one set of indices corresponding to one tidal frequency. The importance of this circumstance may be illustrated by considering the so-called anomalistic modes ±Ṁ in the potential. These modes, corresponding to the physical frequency |Ṁ| , are given by (l mpq) = (201, ±1) and also by (l mpq) = (220, ±1) . Though the m = 0 terms enter the potential, they will not be in the torque, as can be observed by differentiating equation (7) with respect to −θ (or by differentiating (12) with respect to λ ). Nonetheless, we see that there exists a pair of m = 2 terms, which provides an anomalistic input into the torque.
where the error O(e/Q 2 ) emerges when we identify the lagging distance r * with r . Replacement of r * with r is convenient, though not necessary. After averaging over one revolution of the moon about the planet (Efroimsky 2008) , the error reduces to O(e 2 /Q 3 ) , which will be less than the largest error. Referring the Reader to Ibid. for this and other technicalities, we shall only remind that (16) is equivalent to (15) , provided the rheological model (11) is accepted. Physically, this model ensures that all the harmonics of the bulge travel over the surface of the planet with the same speed and, thereby, constitute one tidal bulge. Mathematically, this model enables one to wrap up the infinite series (15) into the elegant finite form (16) .
Formally, this wrapping can be described like this: expression (16) mimics the principal term of the series (15), provided in this term the multiplier G 2 200 is replaced with unity, and the principal phase lag ǫ 2200 ≡ 2 (n −θ) ∆t is substituted with the longitudinal lag or, possibly better to say, with the quasi-phase
Thus we see that within the MacDonald formalism the longitudinal lag (17) is acting as an instantaneous phase lag associated with the instantaneous tidal frequency χ ≡ 2 (ν −θ) . Evidently, ǫ is (up to a sign) the double of the geometrical angle subtended at the primary's centre between the directions to the moon and to the bulge.
4
The geometric meaning of the longitudinal lag being clear, let us consider its physical meaning, in the sense of this lag's relation to the dissipation rate. For some fixed frequency χ l mpq , the corresponding phase lag ǫ l mpq is related to the appropriate quality factor via 1/Q l mpq = tan ǫ l mpq . To keep the analogy between the true lags and the instantaneous lag (17) , one may conveniently define a quantity Q as the inverse of tan ǫ . This will enable one to express the MacDonald torque as
Since Q was defined as 1/ tan ǫ , it is not guaranteed to deserve the name of an overall quality factor. At each particular frequency χ l mpq , the corresponding quality factor Q l mpq ≡ 1/ tan ǫ l mpq is related to the peak energy of this mode, E peak (χ l mpq ) , and to the one-cycle energy loss at this frequency, ∆E cycle (χ l mpq ) , via
However, it is not at all obvious if the quantity Q defined through the longitudinal lag as Q ≡ 1/ tan ǫ interconnects the overall tidal energy with the overall one-cycle loss in a manner similar to (19). The literature hitherto has always taken for granted that it does. However, an attempt to prove it (presented in the Appendix to Efroimsky 2008) required effort. The proof is based on interpreting χ ≡ 2 |ν −θ| as an instantaneous tidal frequency.
Tidal despinning.
The following formula for the average deceleration rateθ of a planet due to a tide-raising satellite has often appeared in the literature: 
θ being the sidereal angle,θ being the primary's spin rate, K being some constant, and the angular brackets designating an average over one revolution of the secondary about the primary. This expression was derived by different methods in Goldreich & Peale (1966) and Hut (1981) , and was later employed by Dobrovolskis (1995 Dobrovolskis ( , 2007 
Derivation by means of the MacDonald torque
The following proof of (20 -22) is implied in Goldreich & Peale (1966) and is presented in more detail in Dobrovolskis (2007) . Their starting point was the MacDonald torque (18) . Hut (1981) , who approached the issue in the language of the Lagrange-type planetary equations, took into account, in the disturbing function, only the leading term of series (7), and substituted the principal tidal frequency χ 2200 = 2 |θ − n| with the quantity χ = 2 |θ −ν| . Thereby, his approach was equivalent to that of Goldreich & Peale (1966) and Dobrovolskis (2007) . Although not necessarily presumed by these authors, their method, as we saw in the section above, inherently implied the following assertions:
(I) The quantity χ = 2 |θ −ν| is treated an instantaneous tidal frequency. Accordingly, the overall quality factor Q is implied to be a function not of the principal frequency χ 2200 but of the instantaneous frequency χ .
(II) The functional form of this dependence is chosen as Q = (∆t) −1 χ −1 , where ∆t is the time lag.
(III) The time lag ∆t is frequency-independent. This assertion is equivalent to (II), as can be demonstrated from (8) .
Beside this, those authors neglected the order-e/Q difference between r and r * in (16), generating a relative error in τ of order O(e/Q) (which, luckily, reduced to O(e 2 /Q 2 ) after orbital averaging). They also substituted sin ǫ , causing a relative error of order O(1/Q 2 ) , because in reality Q is the inverse of tan ǫ , not of sin ǫ .
Assertion (II) can be written down in more generic notations:
This form of the scaling law is more convenient, for it leaves one an opportunity to switch to different values of α . For any value of α (not only for −1 ), the constant E is an integral rheological parameter (with the dimension of time), whose physical meaning is explained in Efroimsky & Lainey (2007) . It can be shown that in the particular case of α = − 1 the parameter E coincides with ∆t . In realistic situations, α differs from −1 , while the parameter E is related to the time lag in a more sophisticated way (Ibid.).
To show how (20 -22) stem from the above Assertions, keep for the time being α = − 1 . Also recall that the torque is despinning (soθ > n ), and that for the averages over time
C = ξ M planet R 2 being the maximal moment of inertia of the planet. (For a homogeneous spherical planet, ξ = 2/5.) Then plug (17) into (18) and average the torque:
where we absorbed O(e 2 /Q 3 ) into O(Q −3 ) . Evaluation of the above integrals is trivial and indeed leads to (20 -22), the constant being
where we used the fact that for α = −1 the rheological parameter E is simply the lag ∆t. As (25b) contains a relative error O(Q −2 ) , the usefulness of the e 4 and e 6 terms in (21 -22) depends on the values of the eccentricity and the quality factor. If, for example, Q = 70 , then the e 4 terms become unimportant for e < 0.12 , while the e 6 terms become unimportant for e < 0.24 .
Beside the above formula (20), in the literature hitherto we saw its sibling, an expression derived in a similar way, but with Assertion II rejected in favour of treating Q as a frequencyindependent constant. The result of this treatment suffers an incurable birth trauma -the incompatibility between the frequency-independence of ∆t and the frequency-independence of Q .
Calculation based on the Darwin torque
The following alternative derivation is based on the same Assertions (I -III) and, naturally, leads to the same results. The idea is to calculate the despinning rate not in terms of the MacDonald torque, but in terms of the Darwin one, keeping the eccentricity-caused relative error at the level of O(e 6 ) . To keep the inclination-caused error at the level of O(i 2 ) , we still assume, in (31), that l = 2 , m = 2 , p = 0 . As for the the values of q , we keep only the ones giving us terms of order up to e 4 , inclusively. Besides, we assume the phase lags are small, so that sin ǫ lmpq ≈ ǫ lmpq . Under all these assumptions,
where, according to the tables (Kaula 1966) , Provided the quality factor scales as inverse frequency, all the time lags are the same constant ∆t , so the above formulae altogether entail
+ n 1 + 27 2 e 2 + 573 8
which coincides with (20 -22) in the order e 4 , inclusively. Had we performed this calculation to a higher order, the results would still coincide -after all, the Darwin torque is equal to the MacDonald one, provided Assertions (I -III) are fulfilled.
2.3 Can these two methods be applied to rheologies different from Q ∼ 1/χ ?
A part and parcel of both afore presented methods was the assertion of the time lags ∆t lmpq being equal to one another. In reality, the time lags vary from one harmonic to another.
Any particular functional form of the dependence ∆t(χ) fixes the rheology: for example, the frequency-independence of ∆t constrains the value of the exponential α to −1 (while the parameter E becomes simply ∆t ). However, for an arbitrary α = − 1 the lags will read (Efroimsky & Lainey 2007) :
While the MacDonald approach cannot be generalised to α = − 1 , the Darwin-KaulaGoldreich method can be well combined with (31).
Conclusions
In the article thus far we have examined two derivations of the popular expressions (20 -22), and have pointed out that these expressions have limitations related to the frequencydependence of the quality factor. These expansions in even powers of e will be different if ∆t is frequency-dependent (which is the case for solid materials).
Dependent upon the values of e and Q , the high-order terms in these expressions may become significant only for large eccentricities. This conclusion does not disprove any major results achieved in the body-tide theory. However, some coefficients may now have to be reconsidered.
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